
Although this is a course on computational materials physics, we will start with a topic from mathematical logic. We will define rigorously what a formal system is. This might seem a little bit off-topic at first sight but we will really need this definition of a formal system in order to understand 
the position of computational materials physics within the scientific landscape.

Let us define a formal system and let us immediately apply this on an example. For a formal system you need 4 ingredients: you need symbols, statements, derivation rules and axioms.

In our example formal system we will take a very small set of symbols, just three, an @, a # and a *. Statements are just strings of symbols, and I print there 3 possible statements for this example formal system. The first one being **@*#***.

Statements can be either meaningless -- @##** will turn out to be a meaningless statement -- or they can be meaningful. The other two here are meaningful statements, and the meaningful statements can be further divided into statements that will have the qualification “true” and others with qualification “false”. 

The next ingredient is a set of derivation rules. These are rules which you can use to convert one true meaningful statement into another true meaningful statetement, and in our example case we have just one derivation rule: you can add one * either before or after every @ sign and an extra * at the end of the statement. If you apply that derivation rule on a true meaningful statement you will get another one that is guaranteed to be meaningful and true. 

And finally you need a set of axioms, this is a collection of statements about which you accept without further questioning that they are 
true and meaningful. And our example case here has just one axiom which is the statement *@*#**. 

We have defined our example formal system, let's now search for all true meaningful statements within that formal system, and that is quite a straightforward task. We start from the axiom here at the bottom and we apply the derivation rule. There is just one @ sign here, so I can choose at the left whether I add a * before the @ or at the right where I add the * after the @ and in both cases we add an extra * at the end of the statement. So I get 2 new statements that are meaningful and true. The derivation rule guarantees us this. Then I apply the derivation rule again on these two new statements and I got four new ones, and so on and so on, you can make a tree structure which will lead to an infinite collection of true meaningful statements within that formal system.

We can do even more... When we inspect all these true meaningful statements some patterns might become obvious and we can find true statements about the formal system. Statements that are not statements within the formal system, but statements that tell something about it. One regularity is highlighted here: the statements that are encircled in the same color, they all have the property that they are almost identical except for the stars before and after the @ sign: they are interchanged. So a meta-statement could be in this case: interchanging the stars before and after the @ sign changes a true statement into another statement. That's not a statement within the formal system, it's a statement about the formal system. So far our example.

Let's now make this more complicated and we will do that by re-writing that same formal system in a more elaborate notation. Instead of using our 3 symbols # * and @ we will use 12 symbols. Wherever there will be an @ we will replace it by a + sign whenever there is a # we will replace it by an 
equality sign = and a sequence of stars will be represented by its decimal equivalent, so 3 stars will have the symbol 3 and so on. 

What happens to our example if we rewrite it in that more complicated notation? Our set of symbols, the first ingredient. We have just defined it. Let's look at the 3 example statements. These are exactly the same 3 statements that you saw a few minutes ago but written in the new symbols. Some of these statements are meaningless and the one from our example here is the meaningless statement +==2. It will be more obvious to you now that this is indeed a meaningless statement. The other 2 examples were meaningfull statements, one of them being true, 2+1=3, and one of them being false, 1+1=3. The derivation rule in the new language is: add 1 either before or after the + sign and an extra 1 in the end, and the axiom from which we start is 1+1=2. 

Now we will collect all true meaningful statements in that formal system with the new notation and that leads to this tree structure here. We start from the axiom, we always add 1, either before or after the plus and in the end, and that is the set of statements you get, and obviously this formal system is nothing more than the addition of the positive integer numbers without zero.

What is the meta-statement that we made about this formal system? It doesn't matter in which order you add these 2 numbers, so the addition in the positive integers without 0 is commutative. With this we have defined formal systems. I have given you an example of a formal system that you knew very well and in the next sessions we will see how formal systems play a role in scientific theories.



